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Elementary Quasi-Newton Method

Unconstrained Optimization: min f(x)

Quasi-Newton Iteration: xk+1 = xk − tkHkgk, Hk+1 = Hk + Ek

Notation: B, B∗, H, H∗, x, x∗, g, g∗, σ(p) = x∗ − x, y = g∗ − g

Desired Update Properties:

• Quasi-Newton Property: B∗σ = y(H∗y = σ)

• Symmetric

• Positive Definite

SR1: B∗ = B + γγT

γT σ
, γ = y − Bσ

DFP: B∗ = B − BσyT+yσT B
σT y

+
(
1 + σT Bσ

σT y

)
yyT

σT y

BFGS: B∗ = B + yyT

yT σ
− BσσT B

σT Bσ

PSB: B∗ = B + γσT+σγT

σT σ
− γT σ

σT σ
σσT

σT σ



Cholesky Factor Modification I — Rank-one

Cholesky Factor Modification (symmetric rank one P.D.) update

Using Classical Cholesky Factorization

A = LDLT −→ Ā = A + αzzT =?L̄D̄L̄T

Ā = L(D + αppT )LT , Lp = z

Factorize D + αppT = L̃D̃L̃T giving Ā = L̄D̄L̄T , L̄ = LL̃, D̄ = D̃

L̃ is of the special form

L(p, β, γ) =




γ1
p2β1 γ2
p3β1 p3β2 γ3

... ... ... . . .
γn−1

pnβ1 pnβ2 pnβ3
... pnβn−1 γn




Assertion 1: Need only to compute d̃i, βi, in O(n) time.

Assertion 2: Product of L and L̃ can be done in O(n2) time.

Drawback instable



Cholesky Factor Modification II — Rank-one

Using Givens Matrices (I)

2-dimensional case(
c s
s −c

) (
z1
z2

)
=

(
+ρ
0

)

where ρ2 = z2
1 + z2

2, ρ = sign(z1)(ρ
2)1/2, c = z1/ρ, s = z2/ρ.

n-dimensional case

P i
jz =




(i)th (j)th
1

.. .
1

c s
1

.. .
1

s −c
1

.. .
1







z1
...

zi

...

zj
...

zn




=




z1
...

z̃i

...

0
...

zn






Sequential reduction

P1
2 P2

3 · · ·Pn−1
n z = ρe1 or P1

2 P1
3 · · ·P1

n z = ρe1

Products of Pn−1
n Pn−2

n−1 · · ·P2
3 P1

2 is of the special form

HL(p, β, γ) =




p1β1 γ1
p2β1 p2β2 γ2
p3β1 p3β2 p3β3

. . .
... ... ... γn−2

pn−1β1 pn−1β2 pn−1β3 · · · pn−1βn−1 γn−1
pnβ1 pnβ2 pnβ3 · · · pnβn−1 pnβn




Denote HU(β, p, γ) � HT
L(p, β, γ)

Factorization A = RTR −→ Ā = A + αzzT =?R̄T R̄

Ā = RT (I + αppT )R, RTp = z

Choose a sequence of Givens matrices such that

Pp = P1
2 P2

3 · · ·Pn−1
n p = ρe1



Ā can be written as

Ā = RTPTP (I + αppT )PTPR = RTPT (I + αρ2e1eT
1)PR = HTJTJH

where H = PR, J is identity matrix except J11 = (1 + αpTp)1/2.

Assertion Product of P and R can be done in O(n2) time.

Let H̄ = JH, then Ā = H̄T H̄.

Choose a second sequence of Givens matrices such that

P̄ H̄ = P̄ n−1
n P̄ n−2

n−1 · · · P̄2
3 P̄1

2 H̄ = R̄

Then Ā = R̄T R̄.



Cholesky Factor Modification III — Rank-one

Using Givens Matrices (II) A = RTR −→ Ā = A + αzzT =?R̄T R̄

Ā = RT (I + αppT )R = RT (I + σppT )(I + σppT )R

where RTp = z and σ = α/(1 + (1 + αpTp)1/2).

Choose a sequence of Givens matrices such that

Pp = P1
2 P2

3 · · ·Pn−1
n p = ρe1

Ā can be written as

Ā = RT (I + σppT )PTP (I + σppT )R = RTHTHR

where H = P (I + σppT ) = P + σρe1pT .

Note that P = HU(β, p, γ) for some β, γ. Then

H = HU(β, p, γ) + σρe1pT = HU(β̄, p, γ)

where β̄ differs from β only in the first element: β̄ = β + σρe1.

Choose a second sequence of Givens matrices such that

P̄H = P̄ n−1
n P̄ n−2

n−1 · · · P̄2
3 P̄1

2 H = R̃



Assertion 1: R̃ is of the form R̃ = R(β̃, p, γ̃) � L(p, β̃, γ̃)

Then Ā = RTHT P̄T P̄HR = RTR̃T R̃R.

Assertion 2: Product of R̃ and R can be done in O(n2) time.



Cholesky Factor Modification IV — Rank-two

Product Form of BFGS

B+ = (I + vuT )B(I + uvT ), u = p + αB−1y, v = θ1Bp + θ2y

for some α, θ1, θ2.

Triangularization of I + zwT : (I + zwT )Q = L̃

First choose a sequence of Givens matrices such that

Pw = P1
2 P2

3 · · ·Pn−1
n w = ρe1

Then H̄ = (I + zwT )PT = PT + ρzeT
1 is lower Hessenberg matrix.

Choose a second sequence of Givens matrix to reduce the superdiagonal

elements of H̄ such that

H̄P̄ = L̃



Assertion: L̃ is of the special form

L̃(w, β, z, γ, λ) =




λ1
β1w2 + γ1z2 λ2
β1w3 + γ1z3 β2w3 + γ2z3

. . .
... ... λn−1

β1wn + γ1zn β2wn + γ2zn · · · βn−1wn + γn−1zn λn




Factorization B = L1DLT
1 −→ B+ = (I + vuT )B(I + uvT ) =?L̄1D̄L̄1

T

B+ = L(I + zwT )(I + wzT )LT , L = L1D1/2, Lz = v, Lw = LLTu.

Triangularize I + zwT = L̃QT giving

B+ = LL̃QTQL̃TLT = L+L+T , L+ = LL̃ = L1D1/2L̃

Assertion: D1/2L̃(w, β, z, γ, λ) = L̃(ŵ, β, ẑ, γ, λ̂) = L̃(ŵ, β̂, ẑ, γ̂, e)D̂1/2 where

ŵ = D1/2w, ẑ = D1/2z, λ̂ = D1/2λ, e = (1, · · · ,1)T ,

D̂1/2 = diag(λ̂1, · · · , λ̂n), β̂ = D−1/2β, γ̂ = D−1/2γ.

Assertion: Product of L1L̃(ŵ, β̂, ẑ, γ̂, e) could be done in O(n2) time.



Cholesky Factor Modification V — Rank-two

BFGS B+ = B + σuuT + τvvT

Using Classical Factorization

B = L1DLT
1 −→ B+ = B + σuuT + τvvT =?L̄1D̄L̄1

T

B+ = B + σuuT + τvvT = L1(D + σwwT + τzzT )LT
1

where L1w = u, L1z = v.

Factorize D + σwwT + τzzT = L̃1D̃L̃T
1

Similar to the rank-one case, L̃1 is of a special form.

Finally

L+
1 = L1L̃(w, β, z, γ, e), D+ = D̃

Assertion: Product of L1L̃(w, β, z, γ, e) could be done in O(n2) time.



Implementing Quasi-Newton Method

Approach-1: Cholesky Approach-2: Inverse Hessian

Bksk = −∇f(xk) Bksk = −∇f(xk)
⇓ ⇓

RT
k Rk = Bk Hk = B−1

k⇓ ⇓
back and forward substitution solve for sk is straight forward

⇓ ⇓
find Rk+1 s.t. update Hk directly, i.e.

RT
k+1Rk+1 = Bk + ∆Bk Hk+1 = f(Hk, σk, yk) = B−1

k+1



Update Inverse Hessian Approximation: Properties
Desired

Hessian Approximate Inverse Hessian Approximate

Bk+1σk = yk Hk+1yk = σk

Bk+1 is positive definite Hk+1 is positive definite

Bk+1 is symmetric Hk+1 is symmetric

• Requirements are in dual format. As a consequence,

• Update formula should be in dual format too



Updating Hessian Approximate

Broyden Family on Bk update

Bk+1 = Bk − Bkσk(Bkσk)
T

σTBkσk
+

ykyT
k

yT
k σk

+ θk(σ
T
k Bkσk)vkvT

k ;

where θk ∈ [0,1] and

vk =

(
yk

yT
k σk

− Bkσk

σTBkσk

)

Broyden Family on Hk update

Hk+1 = Hk − Hkyk(Hkyk)
T

yTHkyk
+

σkσT
k

σT
k yk

+ φk(y
T
k Hkyk)wkwT

k ;

where φk ∈ [0,1] and

wk =

(
σk

σT
k yk

− Hkyk

yTHkyk

)



BFGS update of Hk when φk = 1

Hk+1 = Hk − Hkyk(Hkyk)
T

yT Hkyk
+

σkσT
k

σT
k yk

+ (yT
k Hkyk)wkwT

k ;

rewritten as:

Hk+1 = V T
k HkVk + ρkσkσT

k

where ρk = 1
yT
k σk

, and Vk = I − ρykσT
k .

Difficulties:

• Hk is dense usually

• Hk can be ill-conditioned



Solving Memory Problem – L-BFGS

Hk+1 = V T
k HkVk + ρkσkσT

k

expand Hk = V T
k−1Hk−1Vk−1 + ρk−1σk−1σT

k−1

Hk+1 = (V T
k V T

k−1)Hk−1(Vk−1Vk)

+ρk−1V T
k−1σk−1σT

k−1Vk−1 + ρσkσT
k

expand m times:
Hk+1 = (V T

k · · ·V T
k−m)Hk−m(Vk−m · · ·Vk)

+ρk−m(V T
k · · ·V T

k−m+1)σk−mσT
k−m(Vk−m+1 · · ·Vk)

+ρk−m+1(V
T
k · · ·V T

k−m+2)σk−m+1σT
k−m+1(Vk−m+2 · · ·Vk)

...
+ρkσkσT

k .



Ideas of L-BFGS

• Maintain m most recent pairs of σ and y,

P = {(σk, yk), (σk−1, yk−1), . . . , (σk−m+1, yk−m+1)}

• At k-th iteration:

If (k ≤ m)

P = P ∪ {(σk, yk)}
else

P = (P − {(σk−m+1, yk−m+1)}) ∪ {(σk, yk)}
end



Performance of L-BFGS

the two numbers above: iterations/function-evaluations

there numbers below: iteration-time/function-time/total-time



Choosing Appropriate m

the two numbers above: iterations/function-evaluations

there numbers below: iteration-time/function-time/total-time



Dealing With Hk

• Choose of Hk influences the overall performance.

• Options found in literature:

– Identity matrix Hk = H0 = I

– Identity matrix scaled at first step only Hk =
yT
0 σ0

‖y0‖2I

– Identity matrix scaled at each step Hk =
yT
k σk

‖yk‖2I

– Diagonal matrix minimize

Hk = argminD∈diag‖DYk−1 − Sk−1‖F ,

where Yk−1 = [yk−1, . . . , yk−m], Sk−1 = [σk−1, . . . , σk−m]



Scaling Schemes Comparisons

the two numbers above: iterations/function-evaluations

there numbers below: iteration-time/function-time/total-time



Update for Spare Hessian I

Suppose ∇2f(x) has a known sparse pattern K:

(i, j) ∈ K → [∇2f(x)]ij = 0

(i, j) ∈ K ↔ (j, i) ∈ K, (for i, j = 1,2, · · · , n)

(i, i) 
∈ K, (for i = 1,2, · · · , n)

Additional desired update property: (i, j) ∈ K → B∗
ij = 0

N = {X ∈ Rn×n|Xp = y, X = XT}
S = {X ∈ Rn×n|(i, j) ∈ K → Xij = 0}
V = S ∩ N

Row Decomposition B∗ = B +
∑n

i=1 eie
T
i � B

B∗ = B +
∑n

i=1 eie
T
i

(
yyT

pT y
− BppT B

pT Bp

)
= B +

∑n
i=1 ei

(
eT
i y

pT y
yT − eT

i Bp

pT Bp
pTB

)



Update for Spare Hessian II

Symmetrization

B̂ = B +
(y − Bp)zT

zTp

B∗ = B +
(y − Bp)zT + z(y − Bp)T

zTp
− θzzT

where θ is chosen to assure QN condition:

θ =
(y − Bp)Tp

(zTp)2

z = y
√

pTBp/pTy + Bp =⇒ BFGS

z = y =⇒ DFP

z = y − Bp =⇒ SR1

z = p =⇒ PSB



Update for Spare Hessian III

Update with desired sparse pattern

B∗ = B +
n∑

i=1

eie
T
i
(y − Bp)zT

i

zT
i p

, zi = Diz

where Di is the diagonal matrix with the jth component 1 if Bij 
= 0,

0 if Bij = 0.

Symmetrization

B∗ = B +
n∑

i=1

αi(eiz
T
i + zie

T
i )

where αi is chosen to assure QN condition, satisfying

Sα = y − Bp

where S =
∑n

i=1 zT
i peie

T
i + eT

i pzie
T
i .

When z = y
√

pTBp/pTy + Bp, y, y − Bp, p, we get a sparse version of

BFGS,DFP,SR1,PSB.

Drawback of symmetrization method



Update for Spare Hessian IV

Frobenius Norm Projection ‖X‖2F � ∑n
i,j=1 X2

ij = Tr(XTX)

Define B̂∗ = B∗ + E, and consider problem

min 1
2‖E‖2F = 1

2Tr(ETE)
s.t. Ep = 0

Eij = −B∗
ij, (i, j) ∈ K

E = ET

We get

E =
1

2


 n∑

i=1

eie
T
i (µpT

i + pµT
i ) − 2B∗

K




where B∗
K = B∗ if (i, j) ∈ K, B∗

K = 0 otherwise, pi = Dip, µi = Diµ,

and µ is chosen to assure QN condition

Store B̂∗ and r = 2B∗
Kp. Compute whole B∗.

Drawback (actually of all general sparse update) Can’t minimize an

n-dimensional quadratic in at most n updates with exact line search.

Can’t guaranteed B̂∗ to be P.D.



Consider K = {(i, j)|i 
= j, i, j = 1, · · · , n}. Then

B∗
ii =

y(i)

p(i)
, i = 1, · · · , n

In general, it is not possible to derive a diagonal and always P.D. update.

Question What are the maximum sparsity requirements we may impose

so that there always exists a P.D. QN update?



Update for Spare Hessian V

Irreducible(Primitive) Matrices: There is no symmetric permutation of

the rows and columns of the considered spare pattern such that the

permuted pattern is block diagonal with at least two blocks.

Define perturbation matrix E as

Eij = δij‖pi‖2 − pi(j)pj(i)

For (i, j) 
∈ K and i < j, define matrix Rij as (P.S.D.)

Rij =




... ...
· · · p2(j) · · · −p(i)p(j) · · ·

... ...
· · · −p(i)p(j) · · · p2(i) · · ·

... ...




Then

E =
∑

(i,j) 
∈K,i<j

Rij



Properties of perturbation matrix E Suppose the given sparse pattern

is irreducible and p(i) 
= 0, i = 1, · · · , n. Then E satisfies

(i) E is symmetric.

(ii) E has the designated spare pattern.

(iii) Ep = 0.

(iv) For all z 
= 0 and z 
= λp where λ ∈ R, zTEz > 0.

Existence Theorem of P.D. Sparse Update Suppose the given sparse

pattern is irreducible and p(i) 
= 0, i = 1, · · · , n. If B+C is any sparse

update, then there exists a τ̄ >= 0 such that for all τ ≥ τ̄ , matrix

B∗ = B + C + τE is also a sparse update and P.D.



•

�

�

.......

.......

Unit Surface

ε

ε

p̂

−p̂

Note 1: p(j) 
= 0 for all j, sparse pattern is reducible.

Note 2: p(j) = 0 for some j, sparse pattern is irreducible.



I wish I am a Magician

Bksk = −∇f(xk)

⇓
⇓
⇓

Bksk = −∇f(xk)



Magic Show – step (1)

Define:

• Gk = span{g0, g1, . . . , gk}

• G⊥
k denotes the orthogonal complement of Gk in Rn

Lemma:

Consider the Broyden method applied to a general nonlinear function. If

B0 = σI with σ > 0, then sk ∈ Gk for all k. Moreover, if z ∈ Gk and w ∈ G⊥
k ,

then Bkz ∈ Gk and Bkw = σw.



Magic Show – step (2)

Notation:

rk = dim(Gk)

Bk ∈ Rn×rk forms a basis for Gk

QR factorization:

Bk = ZkTk

where:

Zk ∈ Rn×rk : an orthonormal basis matrix

Tk ∈ Rrk×rk : a nonsingular upper triangular matrix



Magic Show – step (3)

More Notation:

Wk ∈ Rn×(n−rk): an orthonormal basis matrix for G⊥
k

Define:

Qk = (ZkWk)

A transformed Hessian Approximate:

QT
k BkQk =

(
ZT

k BkZk (ZT
k BkWk)

T

ZT
k BkWk WT

k BkWk

)
=

(
ZT

k BkZk 0
0 σIn−rk

)

A transformed gradient:

QT
k gk =

(
ZT

k gk
0

)



Magic Show – step (4)

Bksk = −gk

�

(QT
k BkQk)Q

T
k sk = −QT

k gk

�
(

ZT
k BkZk 0

0 σIn−rk

) (
ZT

k
WT

k

) (
qk
q′k

)
= −

(
ZT

k
0

)

�

ZT
k BkZkqk = −ZT

k gk, sk = Zkqk



Magic Show – step (5)

Fact: ZT
k BkZk is positive definite if Bk is positive definite

Cholesky Factorization:

ZT
k HkZk = RT

k Rk

⇓

RT
k Rkqk = −ZT

k gk

Benefits:

• Cond(ZT
k HkZk) ≤ Cond(Hk)

• Zk, Rk require less memory

• Computing sk requires less time



Update Zk – the orthonormal basis

Step 1): Calculate ρk+1 = ‖(I − ZkZT
k )gk+1‖

Step 2): If (ρk+1 = 0)

Zk+1 = Zk, rk+1 = rk

else

zk+1 =
(I−ZkZT

k )gk+1
ρk+1

Zk+1 = [Zk zk+1]



Update Rk – the Cholesky factor

Want: ZT
k+1Bk+1Zk+1 = RT

k+1Rk+1

Two-Step Approach:

Expand Step: find R′′
k such that

(R′′
k)

TR′′
k = ZT

k+1BkZk+1

Broyden-Update step: find Rk+1 from R′′
k such that

ZT
k+1Bk+1Zk+1 = RT

k+1Rk+1



Expand step: (R′′
k)

TR′′
k = Zk+1BkZk+1

We know Rk : RT
k Rk = ZT

k BkZk.

ZK+1BkZk+1 =




ZT
k BkZk ZT

k Bkzk+1

zT
k+1BkZk σ




=

(
ZT

k BkZk 0
0 σ

)

=

(
RT

k Rk 0
0 σ

)

=

(
Rk 0
0 σ1/2

)T (
Rk 0
0 σ1/2

)

= (R′′
k)

TR′′
k



Expand Step – Continued

For Convenience, we define:

• vk = ZT
k gk

• uk = ZT
k gk+1

• qk = ZT
k sk

Update them due to the expansion of Zk

• v′′k = ZT
k+1gk =

[
vk
0

]

• u′′
k = ZT

k+1gk+1 =

[
uk

ρk+1

]

• q′′k = ZT
k+1sk =

[
qk
0

]



Broyden-Update Step

1. define:
σ′

k = ZT
k+1(xk+1 − xk) = αq′′k

y′k = ZT
k+1(gk+1 − gk) = u′′

k − v′′k

2. Apply QR factorization to

R′′
k + w1wT

2
where:

w1 = 1
‖R′′

kσ′
k‖

R′′
kσ′

k

w2 = 1
((y′k)T σ′

k)
1/2y′k − 1

‖R′′
kσ′

k‖
(R′′

k)
TR′′

kσ′
k



Reduced Hessian Method (Complete Version)

Choose x0 and σ > 0;

k = 0; rk = 1; gk = ∇(xk);

Zk = gk
‖gk‖;Rk = σ1/2; vk = ‖gk‖

while not converged do

Solve RT
k dk = −vk;Rkqk = dk;

sk = Zkqk;

Find αk satisfying the Wolfe conditions;

xk+1 = xk + αsk; gk+1 = ∇f(xk+1);uk = ZT
k gk+1;

(Zk+1, rk+1, R′′
k, u′′

k, v′′k, q′′k) = expand(Zk, rk, uk, vk, qk, gk+1, σ);

(sigma′k = αkq′′k; y′k = u′′
k − v′′k;

Rk+1 = BroydenUpdate(R′′
k, σ′

k, y′k);
vk+1 = u′′

k; k = k + 1;

end do
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